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Abstract

The objective of the present paper is to demonstrate the effect of large deformations on the piezoelectric materials

and structures. An energy based electromechanical piezoelectric constitutive law derived by Tiersten is adopted. For

large deformation analysis of beams a counterpart of Von Karman’s plate equation is considered. The displacement

fields in finite element method are based on the first order shear deformation theory. To analyze the nonlinear equi-

librium equations an incremental iterative technique based on the Newton–Raphson method is employed. In the

present algorithm the equilibrium is examined considering the electromechanical coupling effects. Nonlinear effects due

to transverse and axial loading on a cantilever and a pinned–pinned PVDF bimorph beam have been investigated.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The concept of piezoelectric smart materials and structural systems with highly integrated sensors and
actuators has led to a revolution in controlling the behavior of complex flexible structures. For low mass
and highly flexible structures geometric nonlinear effects due to large deformations cannot be ignored. To
control such a structure an accurate estimation of voltage sensed by the piezoelectric sensors is necessary to
provide the exact remedial actuation voltage. However, research on large deformation of piezolaminated
structures is scanty. Faria and Almedia (1999) worked on the enhancement of prebuckling behavior of
composite beams with geometric imperfections using piezoelectric actuators. Thompson and Loughlan
(1995) carried out experimental studies on the active buckling control of some composite column strips
using piezo ceramic actuators. Icardi and Sciuva (1996) presented large deflection and stress analysis of
multilayered plates with induced strain actuators. Reddy (1999) presented a formulation on laminated
composite plates with integrated sensors and actuators including large deformations. Chandrashekhara and
Bhatia (1993) presented a finite element analysis for active buckling of smart composite plates. Kalyanr-
aman (1999) presented a review of smart instability control of struts. Gaudenzi and Bathe (1995) presented
an iterative finite element procedure for the analysis of piezoelectric continua including electromechanical
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coupling. Oh et al. (2000) studied postbuckling and vibration characteristics of piezolaminated composite
plate subject to thermopiezoelectric loads. They also worked on the thermopiezoelastic snapping of pie-
zolaminated plates using layerwise nonlinear finite elements (2001).

In this paper, we present a generalized formulation for large deformation of piezoelectric structures that
includes the electromechanical coupling. In the proposed algorithm Newton–Raphson method is used to
check the equilibrium equations at every iteration (Crisfield, 1991). Large deformation problems due to
transverse and axial loading have been investigated for a PVDF bimorph beam.

2. Piezoelectric constitutive relations

Based on the energy principles that include electrical as well as elastic effects, Tiersten (1969) presented
the simplified version of linear piezoelectric constitutive equations. These equations for the kth layer of a
piezolaminated structure are:

Direct effect: Dk ¼ ekek þ nkEk ð1Þ

Converse effect: rk ¼ Qkek � etkEk ð2Þ
where D is the electric displacement vector, e, piezoelectric stress coefficient matrix, n, dielectric constant
matrix, E, electric field vector, e, mechanical strain vector, r, mechanical stress vector, Q, matrix of elastic
constants.

As direct and converse piezoelectric effects are electromechanically coupled, the voltage induced in the
sensor actuates the structure as well. The actuation force ðe31Ek

3Þ is added to the mechanical stress vector rx.
Therefore, after each iteration the load vector requires modification. The modified load vector, in turn,
changes the voltage sensed. An iterative process evolves where we look for the convergence of the sensed
voltage and the deflection.

When the piezoelectric material is poled in thickness direction only Eq. (2) can be written as follows
(Eisenberger and Abramovich, 1997):
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For the beam problem ry , syz and sxy are zero. Therefore, Eq. (3) reduces to,
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where the relation for Qij in terms of Qij are given by
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The displacement field is based on the first order shear deformation theory

U ¼ u0 � zhy ; W ¼ w0 ð7Þ
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At a distance ‘z’ from the reference plane the strains at any point can be expressed as
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where u0 and w0 are the in plane and the transverse displacements at the reference plane (i.e. midplane)
respectively and hy is the rotation of transverse normal about y-axis (Fig. 1).

3. Geometric nonlinearity

The mathematical formulation for geometrically nonlinear static analysis is based on the virtual work
equations for a continuum within a total Lagrange co-ordinate system. Von Karman’s large deflection
theory is adopted here. For a continuum undergoing displacements the equation of equilibrium of the
external and the internal forces are expressed as (Zeinkiewicz, 1971):

w ¼
Z
L
BTrdA� P ¼ 0 ð9Þ

where w is the sum of internal and external generalized forces, B is the strain–displacement matrix that
includes both linear and nonlinear components and P is the generalized nodal force vector.

Now, expressing r in terms of rigidity matrix D, the strain–displacement matrix B and the nodal dis-
placement vector d, the governing equation (9) can be written as

KSd ¼ P ð10Þ

where KS is the secant stiffness matrix, d is the nodal displacement vector and P is the force vector. An
incremental equation is required to solve this set of nonlinear equations that can be written as

KT dd ¼ dP ð11Þ

where KT is the tangent stiffness matrix, dd and dP are increments of displacement and force vectors re-
spectively.

We shall now develop the linear stiffness matrix K0, the secant stiffness matrix KS and the tangent
stiffness matrix KT.

Fig. 1. Assumption of shear deformation over beam thickness.
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3.1. Linear stiffness matrix

A three node isoparametric beam element is considered here. The quadratic variation of displacement
function for bending and membrane element can be written as

U ¼
X3

i¼1

Niui; W ¼
X3

i¼1

Niwi; hy ¼
X3

i¼1

Nihyi ð12Þ

where Ni is Lagrangian quadratic shape function of the ith node of the beam.
Using Eq. (8) the strains at any point in the beam can be expressed in terms of those at the mid-

plane
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where H is the transformation matrix of individual lamina strain to that in the reference plane. After
transforming the strains to the reference plane of the laminated beam, we can write the element linear
stiffness matrix using the principle of virtual work as follows:

K0 ¼
Z
v
BT

0H
TQHB0 dv ¼

Z
L
BT

0DB0 dx ð14Þ

where D ¼ b
R
hH

TQHdz and b is the width of the beam.

3.2. Nonlinear stiffness matrix

The nonlinear strain–displacement relationship is based on Pica et al. (1980). The additional strain
produced by the large deformation effect is expressed at the following reference-plane strain vector:
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where, �ee0 ¼ B0d are linear strain components as described earlier
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The variation of generalized strain vector given by Eq. (15) with respect to dd can be written as

d�ee ¼ d�ee0 þ d�eeL
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Using FE discretization it can be written as

�ee ¼ B0

�
þ 1

2
BL

�
d; d�ee ¼ ðB0 þ BLÞdd ¼ Bdd

where BL ¼ AG.

3.3. Tangent stiffness matrix

In Newton–Raphson solution technique, the derivative of nonlinear equations is obtained by taking the
variation of the equilibrium equations. The equilibrium equations are defined by Eq. (9). The variation of
the above equations can be written as

dw ¼
Z
L
dBTrdxþ

Z
L
BT drdx� dP ð16Þ

This incremental equation can be expressed as

dw ¼ KT dd � dP ð17Þ
where KT is the tangential stiffness matrix of the beam element and is given by,

KT ¼ K0 þ KL þ Kr ð18Þ
where K0 is the linear stiffness matrix,KL is the large displacement stiffness matrix,Z

L
BT

0DBL dxþ
Z
L
BT
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Z
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LDBL dx ð19Þ

Kr is the geometric stiffness matrix,Z
L
GTS0Gdxþ

Z
L
GTSLGdx ð20Þ

where S0 and SL are linear and nonlinear axial stresses in the element.

3.4. Secant stiffness matrix

Using the stress strain relationship the equilibrium equations can be written asZ
L
BTD�eedx ¼ P

The above equation can be rewritten asZ
L
B0ð þ BLÞTD B0

�
þ 1

2
BL

�
dxd ¼ P ð21Þ

Therefore, the secant stiffness is
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Z
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This secant stiffness matrix is unsymmetrical. For direct iteration technique this matrix can be converted
into a symmetric one (Wood and Schrefler, 1978). Alternatively, we can find the equilibrated mechanical
force vector using the equilibrium equations at every iteration. Subtracting the equilibrated force vector
from the initial incremental force vector the unequilibrated force vector can be determined. The second
method has been used in the present formulation.
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3.5. Solution procedure

For solution of nonlinear equations several procedures are available viz. incremental procedure, stepwise
procedure and iterative procedure. Among the available solution procedures, the Newton–Raphson

Fig. 2. Flow diagram.

4572 A. Mukherjee, A. Saha Chaudhuri / International Journal of Solids and Structures 39 (2002) 4567–4582



method, that is an incremental iterative method, is a commonly used technique to solve large deformation
problems. One limitation of the method is that it cannot handle snap through phenomenon. The snap
through can be solved by the arc-length method (Oh et al., 2001). In the present paper, Newton–Raphson
method has been adopted to solve the nonlinear static equilibrium equations. In the present solution the
equilibrium condition can be written as

KSd ¼ PM þ PE ð23Þ

where PM and PE are the mechanical and electrical load vectors respectively. The electrical load vector is a
function of the deformation of the structure. Therefore, PE is updated iteratively at each load step.

It may be noted in equation (23) that the displacement vector d does not contain the electrical dis-
placement and the electrical load vector PE has been calculated separately. However, the iterative nature
(Fig. 2) of the solution of equation (23) allows us to maintain the electromechanical coupling. The electrical
load vector is updated at each iteration based on the voltage sensed. Therefore, using equation (23) the
convergence of both unequilibrated voltages, forces and deflections is achieved. The convergence is based
on the Euclidean norm (Bergan and Clough, 1972) and the tolerance is taken as 0.0001. Fig. 2 illustrates the
solution procedure.

4. Numerical examples

To validate the developed algorithm a number of problems have been solved. This paper focuses on
the large deformation effects on sensing and actuation phenomenon of PVDF bimorphs. The dimensions of
the beam used in all the examples are shown in Fig. 3 and the material properties for PVDF are given in
Table 1.

Fig. 3. PVDF bimorph.
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4.1. Example 1

In this example the large deformation effect in the bimorph cantilever beam due to transverse load at its
tip is investigated. The deflection ratios (D=L) for different values of load ratio (PL2=EI) are presented in
Table 2. Here D is the tip deflection, L is the length of the beam, P is the tip load and EI is the flexural
rigidity. The results corroborate well with those given by Fertis (1993) (Table 2). The results of linear
analysis are presented to highlight the divergence between the linear and nonlinear responses with in-
creasing load. The results suggest that the sensed voltages would also be significantly different in nonlinear
case as compared to the linear case. This effect is examined in the subsequent examples.

4.2. Example 2

A cantilever PVDF bimorph shown in Fig. 3 is subjected to unit voltage in the transverse direction. In
the present work, the effect of electromechanical coupling is taken into account. It is observed that the
results for an uncoupled and coupled system do not vary significantly (Fig. 4). The present results also
compare well with the linear prediction of Tzou (1993) and analytical results.

Due to applied voltage the deflection in the beam is small. Thus, geometric nonlinear effect in the
structure is negligible. However, the nonlinear effect can be significant in presence of other mechanical
forces in the system. We shall examine this point in the next example.

4.3. Example 3

To examine the large deformation effect on sensed voltage of a cantilever bimorph, a varying transverse
force upto 0.5 N (PL2=EI ¼ 6) is applied at the free end. For this load linear analysis predicts a deflection
ratio 2.00. However, due to the stress-stiffening effect in the nonlinear analysis it reduces to 0.76 (Fig. 5).

The sensors can be used in two configurations––patch or continuous. In continuous sensors, the cu-
mulative charge collected over the entire domain is obtained. In patch sensors, on the other hand, the
charge collected in each patch is available. Therefore, a spatial variation of voltage can be obtained in patch
sensors. Fig. 6 shows the distribution of sensed voltage over entire length of the beam. In this case it is

Table 1

Properties of PVDF

Elastic constant, E (Nm�2) 2:0� 109

Poisson’s ratio, m 0.29

Density, q (kgm�3) 1800

Piezoelectric stress coefficient, e31 (Cm�2) 0.046

Dielectricity, n33 (Fm�1) 0:1062� 10�9

Maximum operating voltage (V lm�1) 30

Table 2

Comparison of results for piezo bimorph cantilever beam

PL2=EI ðD=LÞnonlinear (Fertis, 1993) ðD=LÞnonlinear (present) ðD=LÞlinear
1.11 0.33 0.35 0.37

5.55 0.73 0.75 1.85

13.88 0.84 0.87 4.63

16.66 0.86 0.88 5.55

27.77 0.89 0.91 9.25

55.55 0.92 0.93 18.50
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noticed that concentration of voltage near the fixed end is very high compared to that at the free end. In
comparison, the linear analysis predicts a linear variation of voltage. It also overpredicts the voltage to a
large extent. Fig. 7 shows the sensor voltage at the root of the cantilever beam due to an increasing tip

Fig. 4. Nodal deflections of cantilever piezo bimorph due to unit voltage.

Fig. 5. Deflected shape at various load steps.
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transverse load up to 0.5 N. The voltage sensed in the linear and the nonlinear cases has been compared. As
the load ratio grows the two graphs diverge rapidly. As a result the voltage sensed by the piezoelectric
material is significantly less than the sensed voltage predicted through linear analysis.

Fig. 6. Distribution of sensed voltages along the beam at final load step.

Fig. 7. Sensed voltage developed at fixed end.
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4.4. Example 4

In the previous example we investigated the stress stiffening for a purely transverse load. The stiffening
effect is more predominant when the load is applied at an oblique angle. To study this effect the cantilever
bimorph is subjected to a tip load of 0.5 N acting at an angle 45� with vertical. In the present case the
deflection ratio at the maximum load is 0.46 as against 1.4 in case of linear analysis and 0.65 in case of
nonlinear analysis only due to transverse component of inclined load (Fig. 8). Here stress-stiffening effect
occurs due to combined action of the horizontal and the vertical component of the load. The voltage
distribution in the present case is also markedly different (Fig. 9) from the previous case (Fig. 6). The axial
force induced in the structure considerably reduces the voltages developed in the sensor (Fig. 10) as
compared to the previous case (Fig. 7).

In this case tip deflection reduces at higher rate as the horizontal component of the applied load and
axial force developed due to nonlinear strain are additive. However, if the inclination of load is in the
opposite direction, then the axial force will negate the nonlinear strain effect, thus reducing the difference
between the linear and nonlinear results.

4.5. Example 5

In this example the nonlinear variation of sensed voltage due to the structural indeterminacy in the
system is investigated. A PVDF bimorph with both ends pinned is subjected to a transverse load of 0.05 N
at the midpoint as shown in Fig. 11. The material properties and dimensions are presented in Table 1 and
Fig. 3. Fig. 12 highlights the nonlinear effects due to stress stiffening in the structure. Accordingly, the
sensed voltage is significantly less than that of linear analysis (Fig. 13).

Fig. 8. Deflected shape at various load steps.
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4.6. Example 6

In the previous examples we obtained the effects of geometric nonlinearity that leads to stiffening of the
system. As a result, the voltage developed in the structure is less than that for the linear analysis. In this

Fig. 9. Distribution of sensed voltages along the beam at final load.

Fig. 10. Sensed voltage at fixed end.
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example, we explore the situations where geometric nonlinearity leads to reduction of the stiffness of the
structure. The response of the cantilever bimorph under axial compressive load is investigated along with a
small transverse tip load to trigger the transverse deflection. A 0.025 N transverse load with 0.1 N axial load
is applied. The deflection ratio due to linear analysis is 0.10. Due to stress softening in nonlinear analysis it
increases to around 0.20 (Fig. 14). The generation of sensed voltage at the root is also nonlinear in nature as
shown in Fig. 15. In the stress softening case the sensed voltage generated is much higher than the linear
analysis. As a result the required remedial actuation voltage is also higher than that in the linear analysis.

4.7. Example 7

In the previous examples, we presented the results for sensing in a PVDF bimorph. In this example, the
actuation is demonstrated. The cantilever bimorph with an axial compressive force at the tip is supplied
with a voltage from an external source. The applied voltage is varied from 200 to 1400 V. It is seen in Fig.
16 that in presence of actuation voltage axial compressive force results in large transverse deformations.
The transverse deformation for increasing axial load converges asymptotically to the bifurcation load of the

Fig. 11. Both end pinned bimorph with transverse load at midpoint.

Fig. 12. Load vs deflection at midnode.
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straight column. In presence of an actuation the structure does not display bifurcation and it generates a
finite transverse deflection for all levels of loads. This result highlights the importance of approaching a
buckling problem as a nonlinear problem in which prebuckling deformations due to actuation are present.

Fig. 13. Nonlinear variation of sensed voltage.

Fig. 14. Stress softening effect on tip deflection due to axial compressive loading.
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It is also possible to remedy the initial imperfections in a strut by applying actuations that counter the
imperfection.

Fig. 15. Variation of sensed voltage at fixed end.

Fig. 16. Transverse deflection of strut with initial actuation.
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5. Closing remarks

The geometric nonlinear analysis of piezolaminated beams has been presented. The nonlinear effects
greatly alter the response of piezoelectric materials. In stress-stiffening case, sensed voltage in nonlinear
analysis is significantly less than that obtained from linear analysis. The stress stiffening may occur due to
the development of large tensile forces in the structure caused by either large deformations or structural
indeterminacy. In stress softening, on the other hand, the sensed voltage is higher than that obtained from
linear analysis. Therefore, to administer an exact remedial actuation to control such structures one must
consider the nonlinear effects on the sensed voltage.

In the present work, the electromechanical coupling is also incorporated. However, in all the cases it has
been observed that the coupling effect is not predominant.

The presence of actuation along with axial compressive force generates finite transverse deflections. The
deflection asymptotically approaches infinity with the axial force approaching the buckling load. The re-
sults highlight the importance of nonlinear effects in flexible piezolaminated structures.
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